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CHARACTERISTIC CLASSES FOR THE DEFORMATION
OF FLAT CONNECTIONS!
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HUEI-SHYONG LUE

ABSTRACT. In this paper, we study the secondary characteristic classes
derived from flat connections. Let M be a differential manifold with flat connec-
tion w. If f is a diffeomorphism of M, then w; = f*w is another flat connec-
tion. Denote by «a the difference of these two connections. Then a and its
exterior covariant derivative Da are both tensorial forms on M. To each invariant
polynomial ¢ of GL(n, R), where n = dim M, ¢(a; Da) is a globally defined form
on M. The class {p(a; Da)} € H(M; R) for deg ¢ > 1 gives rise to an obstruction
of the deformability from wg to wy. In particular, we prove that (+) and (-)
connections, in the sense of E. Cartan, cannot be deformed to each other.

Introduction. Only very recently has the theory of secondary characteristic
classes been extensively studied. While the primary characteristic classes deal
with the topological features of a manifold, the secondary characteristic classes
are primarily concerned with its underlying geometric structures.

Let P be a principal G-bundle over M with a connection form w on P. We
denote by Q the curvature form of w. Let ¢ be an invariant symmetric poly-
nomial of degree k on the Lie algebra g of G. If we put

Q,=tdw + %/2) [w, w] fort € [0, 1],
and

To(w) = k j: o Q)dt,

then we have dTp(w) = ¢(S2).

The form ¢(2) can be projected to the base manifold M and it is a closed
form. It is well known that the class {p(2)} € H**(M; R) is independent of the
choice of the connection form w and is called the characteristic class of P defined
by .

Contrary to these facts about characteristic classes, the form Tp(w) is in
general defined on the bundle space P and depends on the connection. In [3],
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Chern and Simons gave a formula (see Proposition (1.4) and a simple proof will
be given in §4) which described how this form depends on the connection. Things
become more interesting when the characteristic form ¢(£2) vanishes. In this

case, Typ(w) is a closed form and it represents an element {Ti(w)} of the deRham
cohomology group of P. There are many interesting cases where the characteristic
form ¢(£2) vanishes.

Let F be a foliation of codimension ¢ on a manifold M. If we denote by
N = TM/F the normal bundle of F in M, then Bott’s vanishing theorem says that,
with respect to any basic connection w of the normal bundle N, ¢,() = 0 for
j > [a/2] + 1, where ¢; is the jth Pontrjagin polynomial on gl(¢; R). The sec-
ondary characteristic classes derived in this way are called the generalized
Godbillon-Vey classes which have been studied extensively by Bott, Haefliger,
Kamber and Tondeur.

In [3], Chern and Simons considered a manifold immersed in Euclidean
space and obtained some necessary conditions for the immersion to be conformal.
Kobayashi and Ochiai [6] gave a unified treatment of the Chern-Simons’ results
when M has a G-structure of order two.

In [7], [8], Kamber and Tondeur constructed certain characteristic invariants
Ax) EH*'(M; R) fori=1,3,5, ... associated to each affine manifold M.
(See Theorem 1.) They are deformation invariants for i > 1.

In this paper, we shall investigate more closely the secondary characteristic
classes which are derived from flat connections. If w, is a flat connection on M,
and if f is a diffeomorphism of M, then f*w, = w, gives another flat connection.
Let a denote the difference of these two connections. Then « is a tensor field of
type (1, 1) on M. The exterior covariant derivative Da of a with respect to the
connection w, is another tensor field. (For definition of Da, see §1.) Hence,
to each invariant symmetric polynomial ¢ on gl(n; R), n = dim M, ¢(e; Do) is a
globally defined form on M. It is a closed form. Such a class {p(a; Do)} €
H(M; R) gives an obstruction to the deformability of w, to w, (Theorem 2).
Using this fact, we can prove that the (+) and (=) connections on SO(3) cannot
be deformed to each other via flat connections.

Following Bott’s idea in [1], we give a systematic treatment of transgression
forms in §4. This treatment greatly simplifies the proofs of Chern-Simons’ for-
mula (Proposition (1.4)) and Heitsch’s formula (Corollary (2.2)). On the other
hand, this treatment gives us an invariant in each connected component of the
space of flat connections.

1. Generalities. In this section, we will fix the notations and derive the
basic formulas which will be used in the subsequent sections. Mainly, we will
follow the notations in [5].
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If M is a differentiable manifold and ¥ a finite-dimensional vector space,
then we denote by AY(M; V) the space of all V-valued g-forms on M. If V =R,
we put A7(M) = AI(M; R). AY(M; V) is a module over A°(M) and the direct
sum of AY(M; V) is denoted by AM; V)

AL VY =3 A V).
q

Let G be a Lie group with its Lie algebra denoted by g. If {e;}}., isa
basis of g with structure constants {c},‘}, that is, [¢;, ¢;] = c}ke,, then we have
the induced map denoted by the same symbol [, ]: AI(M;g) x A'(M;g) —
A9*7(M; g) which is expressed as follows:

For=20,¢®¢,n=2L,7'®e¢,

[E’ 17] = cllkzi/\ nk ® ei‘
It is easy to verify the following formulas:

(1D [l =D n gl for £ € AY(M; g), n € N'(M: g),

(12) d[i, 17] = [dza ??] +( l)q ['é, dﬂ] ’

(1'3) - l)q.?[g, [17, 0]] +(C l)rq [ﬂ, [e’ ‘E]] + (_l)srlea [E, ﬂ]] =0
for 6 € A°(M; g).

(1.3) is called the Jacobi identity. In particular, we have
@14) &, [&, 1] =0 for £ € AY(M; g).

Let P be a principal bundle over M with structure group G. A connection
form w of P is ag-valued 1-form on P such that

(i) w() =A for 4 € g, and

(i) R}w = Ad(g™")w for g €G.

The curvature form © of w is given by Q = dw + %[w, w].

DEFINITION (1.1). Let p: G — GL(V) be a representation. ¢ € AY(P; V)
is called a tensorial g-form on P of type (V, p) if

() i(X)t = 0 for X € g, where i(X) is the inner product, and

(i)) RYt = p(g™')t for g € G.

We will be interested only in tensorial forms of the type (g, ad), so hence-
forth we shall use the words tensorial form to mean tensorial form of the type
(8, ad).

Given a connection form w on P, we define the exterior covariant different-
iation D on the tensorial forms by Da = da + [w, ] .

The space of tensorial forms is stable under the action D. It is also easy
to see that the curvature form Q is a tensorial 2-form. If wy, w, are two connec-
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tion forms on P, then w; — w is a tensorial form.
We prepare the following well-known lemma which will be used in the
sequel.

Lemma (12). (i) D2 = O (Bianchi identity),
(i) D*a = [Q, a] if a is a tensorial form.
PROOF.
DQ =dQ + [w, 2] = ddw + %[w, w]) + [w,dw + %[w, w]]
= [dw, w] + [w,dw] by Jacobi identity
=0 by (1.1).
D*a = d(Da) + [w, Da] = d(da + [w, a]) + [w,da + [w,a]]
= [dw, a] + [w, [w,a]]
= [dw, a] + %[[w, w],a] by (1.3)
=[Q, a].
Denote by I%(G) the set of all symmetric multilinear mappings : g x * - *

x @ — R such that
w(ad(@)X,, . .., ad@Xy) = o(Xy, . - - X,) forg€gG, X; €.

If¢,,..., & areg-valued forms on P of degree d;, . . . , d; respectively,
then we can define a (d; +d, + -+ - +d;)form o(,, . . ., &) on P as follows:
If {e,}o, isabasisofg, & = Z;¢/ ®¢fori=1,2,...,k
i V/
‘p(gl’ AL 9Ek)= Zdejl’ LECIES ] e]k)sll A A Ekk.

The definition is independent of the choice of e,, . . ., €,. If {§}5, are
tensorial forms, then the form o(%,, . . . , £,) can be projected to the base mani-
fold M. The following proposition is also well known.

ProrosiTION (1.3). (i) Let &; be a tensorial di-form on P. Then for ¢ €
I*(G), we have

doty, - - E) =X 1)

for any connection D.
(ii) For g-valued 1-form 6 on P, we have

SEDTT e, 6] B =0

1 +e+d

Floty, .o s DEp oo o5 &)

For convenience, we will use the following notation used by Chern. For
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¢ €EI¥G), p(X,, . . ., X;; Y) abbreviates the function that Y appears in the last

(k — Dsslots. In particular, g X) = o(X, ..., X), o(X; ) =X, ¥, ..., Y).
Let P be a principal G-bundle over M with connection form w on P. Put
w, =tw, t€[0,1], Q, =dw, + %[w,, w,].
For ¢ € I*(G), we define

To(w) =k jo' ow; ) dt.

Then we have dTp(w) = ¢(§2). The dependence of this form on the connections
is given by the following.

PROPOSITION (1.4) (CHERN-SIMONS [3]). If w, is a 1-parameter family
of connections on P, then

(8/95)Tipo(wy) = kp((3/05)ws; Xg) + exact form.
A simple proof of this formula is given in §4.

2. The main formula. If w, and w, are two connection forms on P, put
= 0wy — Wy, W =wy +1a,t€[0,1], Q, =dw, + %[w,, w,].

Then a, §2, are tensorial forms and we have the following generalized
Gauss-Codazzi equation.

Q@.1) Q, = Q, + tDa + (t2/2)[a,a] fort € [0, 1],

where D is the exterior covariant derivative with respect to the connection form
Wy-
ProoF oF (2.1).

Q, = dw, + %lw,, w,] =dwy + tda + %[w, + ta, wy + ta]
= Qg + tda + [wy, a]) + #*/2)a, a] = Q, + tDa + #?/2)[a, o] .
Similarly, we have
Q2  9,=19, (-2 + 4%2 [t,0] forze[0,1].

Comparing (2.1) and (2.2), we have

(23) Da=Q, = Qg —%[a,a].
Instead of the Bianchi identity, we have
24 DQ, = t[Q,,¢].

PROOF OF (2.4). By the Bianchi identity, we have D,Q2, = 0. D,, by
definition, is the exterior covariant derivative with respect to w,. Hence

0=D,Q,=dQ, + [w,, Q,] =dQ, + [w, + ta, Q,] = D, + t[a, Q,].
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Thus, by (1.1), we obtain (2.4).
The following proposition is well known.

PRroPOSITION (2.1) (CHERN-WEIL). If ¢ € I*(G), then (/0)p(2,) =
d(kp(a; 2,).

The proof of this proposition can be found in [5].
Motivated by Chern-Simons’ work, we propose to study the dependence of
the form ¢(a; 2,) on the connections.
MAIN FORMULA (2.5). Let w, w;, s € [0, 1], be connection forms on P.
Put
o, = W, — W, w_' = w + tay, 9’ dw, + %[w;, of

Then for ¢ € I*¥(G), we have

)
gs—‘p(as; Q) =-¢k- l)tdcp( s 5 W Qr)

+¢p(aa wg,  + ktDay +—(2k-l)[ Ot,];ﬂ,:),

where D is the exterior covariant derivative with respect to the connection cw.
PROOF.

2 2
5—¢(a8; Q) + (k - Drdy ( &, 5 W3 Q‘)
¢(§ 24 sz*) + k- 1)¢( 20 sz')
a . t a . t
+ k- 1)t¢(Das,5s-ws, 0f) - & - ro(e,, o-Dog;

+ (k- 1)k - 2)t¢( 3., DSZ’,SZ’)

By the generalized Gauss-Codazzi equation (2.1), we have S'Z; = Q + tDa, +
(%/2)[e,, &,] . Hence we have

gt ,9 2| 9 ]
asﬂ tasDa +¢ [asa,,a_, .

Thus the second and fourth terms of the right-hand side yield to

- 1)¢(a,; ) t(k—l)¢( 2 Day; sz*)

- 9 .
=%- l)go(a.,, ? [g%, as] ; Q:) .
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By the invariance of ¢, Proposition (1.3), together with (2.4), we can
simplify the right-hand side to
—o(Za; @) + & - 1o(e, | Za -Qf)
RHS—tpgs‘%, s ( Xoolay, 3 B % |25

9
+ (k- Dry (Das, aa—sa*; Q:) + (k= 1)k -2ty (a,, 25 % DQ;; Q})

) d
= ‘p(a—sas; Q:) + (k - l)tz‘P([as’ as] ’ ss—as’ n:)
+ (- 1)t¢(§s-a,, Day; Q;)
=9 (%a:’ ﬂ; +k- e [oy, &) + (k = 1Day; Q;)

2
= ¢(g_s°‘s’ Q + tkDa, + '7 lo, o] 9;) by (2.1). QED.

Integrating the main formula, we have

COROLLARY (2.2) (HErrscH) [4]. The assumptions are the same as in
the main formula. We have

1
z?_s Io oo Rg)dr = ‘P(g—sas§ ﬂs) + exact form.

In §4, we will see that this formula can be derived quite easily from a
more general setting. As an application, we have the generalized Chern-Weil
formula.

COROLLARY (2.3). Let w, be a smooth 1-parameter family of connections
on P. Then for ¢ € I*(G) we have

@/as)p(Q,) = d(kp((3/2s)og: 2y)-
Another application of the main formula is concerned with flat connections.

PROPOSITION (2.4). Let w be a flat connection in the main formula (2.5).
Then for ¢ € I*(G), we have

) o . 2 .
35 P05 Day) = —(k — 1)dp (a,, 35 %5 Da_,) + k‘p(ga.,, Da,).

PROOF. Since w is flat, by (2.1) we have Qf = tDa + (£2/2) [, o] -
Putting Qf in the main formula, we have
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2 (a tDa + [ o ]) =—(k - l)td¢( 9 o0 tDag + [ » ]
25 ? s > 0s §

+¢<: o, ktDa +-—(2k—1)[ o5 tDag +L [ as]) .
Comparing the coefficients of £¥~1, we obtain
i?_s oy Dag) = —(k — l)d<p< 9 a0 Da) +k¢<§ ay; Do ) QED.

If w, is flat, then from Proposition (2.1), we have ¢(Q2,) =d(k/ ",«p(a; Q,)dr).
Hence if ¢(Q,) = 0, then the form A (wy, w;) = kfge(e; 2,)dt is a closed
form on M, and we have the following:

THEOREM 1. If ¢ € I*(G) and w, is any connection form on P such that
¢(Q2,) = 0, then for any flat connection w, and k > 1, the cohomology class
{4 (wq> wy)} € H**71(M; R) is a deformation invariant, that is, an invariant
through the deformations of flat connections.

Let P be a flat GL(m)-bundle over M with flat connection w,. If Q is an
O(m)-reduction, then for any connection w; on @, ¢(2,) = 0, where deg ¢ =
2k-1(k=1,2,3,...). In this case, the class {(wy, w,)} € H**~3(M) is
the same as the secondary characteristic invariants A (xk) EH¥3M (k=1,2,

. .) constructed by Kamber and Tondeur [7]. See [8, p. 69] for the existence
and [8, p. 86] for the deformation invariance for k¥ > 1 of these invariants.

3. Characteristic classes for flat connections. Let w,, w, be two flat
connections of the G-bundle P over M. Put @ = w; — w,; then for p €I kG),
o(e; Da) is a (2k — 1)-form on P. ¢(a; Da) can be projected to the base manifold
M, that is, there exists a unique (2k — 1)-form ¢ on M such that its pullback by
the projection is yp(a; Dar).

ProrosiTION (3.1). If k> 1, ¢ is a closed form.

Proor. It suffices to prove that g(o; Do) is a closed form. From Lemma
(1.2) and the assumption that cw,, is flat, we have D%a = 0. By (2.3), we obtain
Da = -%[a, @]. Thus dp(a; Da) = ¢(Da) = (—1/2)¥¢([a, a]). By the invariance
of ¢, we have

o [a, @]) + (& — Dy(a, [[a, o], a]; [e, a]) = 0.

Therefore we conclude that dy(a; Da) = 0 by (1.4).
We will exhibit a formula to see how this form depends on the connections.

ProrosiTION (3.2). Suppose w, w;, s € [0, 1], are flat connections on P.
Then for ¢ € I*(G), k > t, we have
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¢(oz Dey) = —(2k—l)dcp( aa Da)

PRroOF.

gs—“’(“S’D“s) ‘l’< ag; De, +(k"l)‘p( 35 D% Da)

)
¢(2_a Das) +&- (ozs [aas a, a,],Das)
oe,) -

(k—l)¢([ ol 2oy Da)

( o Das)+2(k—l)¢( o Da)

—(2k-1)¢p( o Da)

Comparing this equality with Proposition (2.4), we have

%w(as;Da)=—(2k—l)dcp( a a0 Da)

As a consequence, we have the following

THEOREM 2. For ¢ € I*(G), {¢(e; De)} € H**~1(M; R) is a deformation
invariant for k > 1.

ProOF. From Proposition (3.2), we have

%go( Do) = —(2k - l)d‘p( : o Da)

Integrating both sides, we have

#(ay; Day) = p(ey; Datg) = d( @2k - 1) f ( 2a; Da)ds). QED.

In the assumptions of Proposition (3.2), if we put w = w,, then ¢, = 0.
Hence ¢(a; Da,) is an exact form. Therefore this class gives an obstruction to
the deformations of flat connections. We state this fact in the following

ProrosiTioN (3.3). If wy, s € [0, 1], is @ smooth 1-parameter family of
flat connections, put @ = w, — w,. Then for ¢ € I*(G), k > 1, we have
{o(a; Da)} = 0 in H**~1(af; R).

The following proposition given by Kamber and Tondeur in [7] will show
that Proposition (3.3) is false for k = 1.

Let M be a manifold with flat connection wj, and an arbitrary Riemannian

flat connection w,. Such a manifold exists, for example M = T2. Let P be the
frame bundle of M.
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ProrosITION (3.4) (KAMBER-TONDEUR). Suppose dimM =n=>2. If
h: w (M) — T is the holonomy representation of the connection wy, then we
have

f,, tr wy = —% logldet A(Y)l for y € m (M).

We will give an example to show these classes are nontrivial.

Let M be the group manifold SO(3). Denote by P the frame bundle over
M with structure group GL(3; R). The Lie algebra of GL(3; R) is g{(3; R). Let
e;; denote the matrix in g/(3; R) with the entry in the ith row and jth column
equal to 1 and all other entries 0.

PutX, =e;—€;. X, =e;3-€31, X3 =€y3—e35. (X}, isa
basis of 80(3), the Lie algebra of SO(3). We have

If we denote by {6'}}, the left invariant forms on SO(3) dual to the basis
{X}}?=l , then the Maurer-Cartan equations are given by
dot =02 A 03, d92 =03 0, do93=01A 62.
The (+) connection on SO(3) is defined by V, Y = [X, Y] for all left in-
variant vector fields X, Y. Denote by w,, the connection form with respect to
(X} 1, that is, VX, = (wp)/ ® X;. We have

0 63 -6
62 -6 o

We know that w,, is flat. The (—) connection is defined by VX = 0 for all
left invariant vector fields. If we denote by w, its connection form, then w; =
0. Again, w, is also flat.

Put & = w; — w, and let Da be the exterior covariant derivative of a with
respect to the connection w,. Then

0 01 A g% -3 A o!
Da= [-6!' A §2 0 02 A 63
03ne' -62A03 0
If we consider the invariant polynomial ¢ € I2(GL(3; R)) defined by ¢(X)
= trace(X2), then p(a; Do) = 691 A 92 A 3. Hence {p(e; D)} # 0 in
H3(SO(3); R), and we have

ProrosITION (3.5). The (+) and (-) connections in SO(3) cannot be de-
formed to each other.

As will be seen in §4, Tp(w,) and Tp(w,) define different cohomology
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classes. By virtue of Theorem 3, we again have the nondeformability of (+) and
() connections.

4. Generalized Chern-Weil formula. We will generalize Bott’s work in [1]
and give a more systematic treatment of the transgression forms.

Let P be a principal G-bundle over M with projection 7. P x R" is then a
G-bundle over M x R" with projection 7 x id.

Given ¢ € I*(G) and a connection form w on P, we define two forms
#(w)p and AM(w)yp on P of degree 2k — 1 and 2k respectively by

W) =Tp(w), Nwk = ¢().
Then we have d(u(w)p) = MNw)y.
If wy, wy, . . ., w, are connection forms on P, define a connection
Wo,1,2,...,n On the principal G-bundle P x R” — M x R" as follows,

(1-2L,0)wy +a,w, ++ -+ +a,w, onPx {g}L,,
0,1,2,0.0,n
0 on {u} xR" foru€P.

Let A" = {(ay,...,a,)ER", 2 4;<1,a;>0}. ThenP x A"-;?
P is a fibre bundle with fibre A” a compact space. Thus we have the notion of
integration along the fibre m; . More precisely, m; _ is a canonical homomorphism
my, 2 A(P x A™) — A™"(P) which is zero for r < n and satisfying

(4.1) do° “l, + (_l)n+l"l, od= (‘l)"‘“n?. o j*

where 712 is the projection of the fibre bundle 73: P x dA™ — P.
We define two differential forms

Mwg, Wys - -+ > w0 and  p(wWg, Wy, ..., W

on P by
)

)

7\((00, wl) o0y n)p = (— l)lnlzlﬂl.O\(wo’l ,2”“,”)plprn

M(wg, Wys - -, w0 = (- 1)[”/2]”1,(I‘(wo,l,z,...,n)‘Plprn

we have
deg Mwq, Wys .- ., W) =2k—n,

deg p(wg, wys .+ - W p=2k—1-n.

Notice that AMwg, Wy, - - . » W, )¢ is a form on M, while u(wq, Wy, . . ., W,
is defined, in general, only on P.
The relations among these forms are given by
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dp(wg, Wys - - 5 W) = (—1)"Mwg, Wys v v s Wy e e » Wy )0

“42) n ;
+ 20 D (W gy v e s Dy e s WP

i=0
where » means the deleted term.
Proor.

du(wg, Wys -+ - Wk = (- 1)ln/21d1rl‘Qz(wo,l’zw_’,,)gol

pr")
= (-1)[/2] (- 1)'n, ‘(dll(wo,l ,2,.-.m)‘plpr")

+ (D2l =yt lﬂ?‘(#(wo’l’2’.”’")¢|PXM,,) by (4.1).
The first term in the right-hand side is (—1)"N(wq, @y - - - » Wy )03 BY

the fact that du(w)p = Mw)y. By the definition of connection wq 4 5, .. > We
see that

]
"1 . (I‘(wo,l ’2 ,---:")‘plpxb An)

n
—_ — 1\
=m . (igl ( 1) ”(wo,l,2,...,?,...,n)30|PxAn—1>

n
= EDIOD2T 3 (1) (W, Wys - v v s Dps « -+ » WP
i=0

Going back to the original identity, we have
du(wgs Wys « « - s WP
= (— l)nl(wo, "’1’ oo oy n)w

n
+ (DI RIHEHDHE=DRY 3 1)y, @y e ey @ - - W
i=0

By the fact that [n/2] + (n + 1) + [(n — 1)/2] is always an even integer,
we have (4.2).
From this formula, we can recover the formula given by Bott in [1].

n
(43)  dNwg, @ys -+ 5@ = T DNy, Wps e e 5 By ey W
=0

ProoF oF (4.3). Applying the exterior differential operator d to both sides
of (4.2), we have

n
0= (-1)"d\(wqg> Wys - - - s W) + 3 1)du(wgs @ys e s Dpp - o e s WP
i=0

If we apply the formula (4.2) again, we have
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n
dANWgs Wys - - - s W=D Y D du(wg, oo B w0
i=0
n
=) Y EDED TN W @ys e e s Dy e e WP
i=0
+ (—1)"+1 Z(_l)i+i“(wo, wl, oo ey (:,l’ .« e ,Csi, e e ey wn)p

j<i

+ (__l)n+l Z(_I)H-f'l-l“(wo, Wyye oo ’(:,i’ “oe ,(:J]-, ooy n)(p.

j>i
The second and third terms in the right-hand side cancel each other, so we obtain
(4.3).
Before proceeding any further, we will explain these forms in the case n = 1.
1
44) Mo, )0 =k | | Ay — wg; 2)dt,

where £2, is the curvature form of the connection w, = tw; + (1 — f)w, for
t € [0, 1]. In fact, if we denote the curvature form of the connection wy,1 by
90,1 , we have

Mwos w )0 =1 (M@, 1 ¢, ) =T RCLRY BNY

=7 WAt A (W) —wy) +8) onP x {t}

1

_ 11 s —s
4.5) w(wg, wy Yo = k(k - l)_fo fo cp(w,, sa; s, + — [a, a]) dsdt

where a = w; ~ wy, W, = tw; + (1 - Hw, for ¢ € [0, 11, Q, = dw, +
%lw,, w,].
PrOOF OF (4.5).

”.(wo, wl)'p = "lt(p(wo’l)‘plPXAl)
1 32
= 1[1 .k J.O "/ wo’l; deo’l + E‘ [wo’l ’ wO,l] ds
1 s2 -5
= "ltkfo plwssdtAa+ Q)+ -—-2—[a, a])ds on P x {t}
111 2 _
= k(k — I)Io Io ¢(w,, sa; s, + s_zs_ [a, a] )dsdt.

Using the formulas we have just derived and the interpretation of these
forms, we are in a position to prove how the transgression form depends upon
the connections.

PrOOF OF PROPOSITION (1.4). By (4.2), we have
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”(ws+ As) - “(ws) = 7\(‘*’3’ ws+As)‘p + d”(ws’ Ws 4 A:)So'

By defmition, we know that
L) ) . 1
5; T ‘p(ws) = g“(ws)‘p = Al.lvr—?o KS— {p'(ws-l- As)‘p - ﬂ(ws)(P}.

Therefore it suffices to prove the following.

LemMA (4.1). If wg, s € [0, 1], is a smooth 1-parameter family of connec-
tions on P, then for ¢ € I*(G), we have

- 1 )
Al s M@ Ooraskp = k¢($w‘; Q’) )

PROOF. By (4.4), Nwy, Wyy a0 = kS 0(@gs a5 — W5 R )dt Where
SZM is the curvature form of the connection of the affine combination of cw,
and wg, A, that is,

Qs,t =d(wy + H(wgy a5 ~ W) + %lws + H(wgyas ~ W), Wy + HWgypg— ws)] .

Letting As approach zero, we have lim, ¢, o 2 , = dw, + %[w;, w,] =
§2,. So we have

1 1 (a 2
Jm oM, e ade =k [ cp(g(os; szs) dt = k«p(é-s—ws; szs). QED.

Similarly, if we use the Bott’s formula (4.3), we can derive the formula given by
Heitsch [4]. The following proof is given by Professor T. Nagano.
ProoF oF COROLLARY (2.2). By (4.3), we have

AWy pg W~ M@y, Wl =~ MWy, Wey askP + AN(Wy5 Wgy pgr WHP-
But by Lemma (4.1), we see that
9 . 1
58—?\(0.»3, Wy = Ahsino ey MWy 5> WH — My, W}

= —kyp((9/05)wg; ;) + exact form.

THEOREM 3. If wy, s € [0, 1], is a smooth 1-parameter family of flat
connections, then for ¢ € I¥(G), k> 1,

{u(wo)p} = {u(w, )} € H**~'(P; R).

PROOF. Since wy, w, are flat, u(wqy )y and u(w, )y are closed forms on P.
Put o = w; — wy, @, = wy + ta for t € [0, 1], &, = dw, + %[w,, @,].

By definition, we have AN(wg, w, )¢ = kfip(; &,)dt. But by (2.1) and
(2.2), we have Q, = (¢t = £*)Da. So Nwy, w, )¢ = kS5t — 2)* "1 deyp(e; D))
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= ¢, p(o; Do) where ¢, = kf3(t — )1 dr = k\(k - 1)!/(2k = 1)!.

By Proposition (3.3), {¢(a; Da)} = 0. Hence if we apply formula (4.2),
it is clear to see that {u(wy)} = {u(w,;)¢}. Q.E.D. It should be pointed out
that Theorem 3 and Theorem 2 have the same contents.

Consider the example given in §3, u(wy)p = 2/} tr(wy A ,)dt where
Q, = (t* - )wy A wy- By the fact that wy A wy A wy = 6(61 A 62 A 631,
J3(@? - ©)dt = —1/6 we have p(wo)p =—20" A 62 A 63. Hence {u(wole} # 0
in H3(SO(3); R). 1t is easy to see that {u(w,)p} = 0. By Theorem 3, we have
again obtained Proposition (3.5).
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